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Abstract: In this paper, we investigate the relationship between J-anti-invariant
cohomology of a closed symplectic 4-manifold introduced by T.-J. Li and W. Zhang
and new symplectic cohomologies introduced by L.-S. Tseng and S.-T. Yau. We
also prove that the dimension of J-anti-invariant cohomology is constant for almost
structures J which are compatible with a fixed symplectic form.
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1 Main results
For an almost complex 4-manifold (M,J), T.-J. Li and W. Zhang [13] introduced
subgroups, H+J and H
−
J , of the real degree 2 de Rham cohomology group H
2(M,R),
as the sets of cohomology classes which can be represented by J-invariant and J-
anti-invariant real 2-forms, respectively. Let us denote by h+J and h
−
J the dimensions
of H+J and H
−
J , respectively.
It is interesting to consider whether or not the subgroups H+J and H
−
J induce a
direct sum decomposition ofH2(M,R). In the case of direct sum decomposition, J is
said to be C∞ pure and full. This is known to be true for integrable almost complex
structures J which admit compatible Ka¨hler metrics on compact manifolds of any
dimension. In this case, the induced decomposition is nothing but the classical real
Hodge-Dolbeault decomposition of H2(M,R) (see [2]).
In dimension 4, T. Draghici, T.-J. Li and W. Zhang [8] proved that on any
closed almost complex 4-manifold (M,J), J is C∞ pure and full. Further in [9],
they computed the subgroups H+J and H
−
J and their dimensions h
+
J and h
−
J for
almost complex structures metric related to an integrable one.
L.-S. Tseng and S.-T. Yau [17] introduced new cohomologies for a closed sym-
plectic manifold M . On a symplectic manifold (M,ω) of dimension 2n, the sym-
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1
2plectic star operator ∗s acts on a differential k-form α by
α ∧ ∗sα′ = (ω−1)k(α, α′)dvol
=
1
k!
(ω−1)i1j1 · · · (ω−1)ikjkαi1···ikα′j1···jk
ωn
n!
with repeated indices summed over. The adjoint of the standard exterior derivative
takes the form
dΛ = (−1)k+1 ∗s d ∗s .
By using the properties d2 = (dΛ)2 = 0 and the anti-commutively ddΛ = −dΛd,
Tseng and Yau [17] considered new symplectic cohomology groups Hk
d+dΛ(M) and
Hk
ddΛ
(M). They also proved that the space of d+ dΛ-harmonic k-forms Hk
d+dΛ(M)
and the space of ddΛ-harmonic k-forms Hk
ddΛ
(M) are finite dimensional and isomor-
phic to Hk
d+dΛ(M) and H
k
ddΛ
(M), respectively.
In this note, we consider the relationship between H−J and symplectic cohomol-
ogy groups of a closed almost Ka¨hler 4-manifold. Suppose that (M, g, J, ω) is a
closed almost Ka¨hler 4-manifold. Since ∗2s = id (cf. [5, 17]), ∗s acts on Λ2 giving
the following decomposition:
Λ2 = Λ+ω ⊕ Λ−ω ,
where ∗sΛ+ω = Λ+ω , ∗sΛ−ω = −Λ−ω . Hence,
H2d+dΛ = H+d+dΛ ⊕H−d+dΛ , H2ddΛ = H+ddΛ ⊕H−ddΛ .
Theorem 1.1. Let (M, g, J, ω) be a closed almost Ka¨hler 4-manifold. Then,
H+
d+dΛ(M) = H+ddΛ(M) = Span{ω},
H−
d+dΛ(M) = H
−
J ⊕H−g ⊕ (H−J ⊕H−g )−,⊥d+dΛ ,
H−
ddΛ
(M) = H−J ⊕H−g ⊕ (H−J ⊕H−g )−,⊥ddΛ
and
∗g(H−J ⊕H−g )−,⊥d+dΛ = (H−J ⊕H−g )−,⊥ddΛ ,
where H−g is the space of anti-self-dual g-harmonic 2-forms, (H−J ⊕ H−g )−,⊥d+dΛ and
(H−J ⊕H−g )−,⊥ddΛ are respectively the subgroups of H−d+dΛ and H−ddΛ which are orthog-
onal to H−J ⊕H−g with respect to the cup product.
Let J be the space of all almost complex structures onM and denote by J cω and
J tω respectively the spaces of ω-compatible and ω-tame almost complex structures
on M . It is well known that J cω and J tω are contractible C∞-Fre´chet spaces and
J tω is an open subset of J in the C∞-topology. See [1, 8, 9] for details. M. Lejmi
in [12] studied the existence of a smooth family of extremal almost Ka¨hler metrics
compatible with a fixed symplectic form under the assumption of the invariance
of the dimension of J-anti-invariant cohomology for almost complex structures J
compatible with the same symplectic form.
Note that H2
d+dΛ(M) and H
2
ddΛ
(M) depend only on the symplectic form ω,
that is, H2
d+dΛ(M) and H
2
ddΛ
(M) are independent of ω-compatible almost complex
structures and H2
d+dΛ(M), H
2
ddΛ
(M) are isomorphic to H2
d+dΛ(M), H2ddΛ(M) re-
spectively. By using Theorem 1.1, it follows that the dimension of J-anti-invariant
cohomology is stable under the deformation of almost complex structures in J cω .
3Theorem 1.2. Suppose that (M, g, J, ω) is a closed almost Ka¨hler 4-manifold. If
J˜ ∈ J cω, then h−J˜ = h
−
J .
Remark 1.3. (1) We can prove that for generic almost complex structures J˜ , the
dimension h−
J˜
vanishes, that is, the set of almost complex structures J˜ on M with
h−
J˜
= 0 is an open dense subset of J in the C∞-topology (cf. [16, Theorem 1.1]).
Hence the set of ω-tame almost complex structures J˜ on M with h−
J˜
= 0 is an open
dense subset of J tω in the C∞-topology.
(2) If (M, g, J, ω) satisfies the strong Lefschetz property, or equivalently the
ddΛ-lemma holds, then the canonical homomorphism H2
d+dΛ(M) → H2d(M) is an
isomorphisms (cf. [15, 17]), where H2d(M) is the second de Rham cohomology. By
ddΛ-lemma, we get ImddΛ = Imd+ImdΛ. Obviously, kerd∩kerdΛ ⊂ kerddΛ. Thus,
H2
d+dΛ(M) ⊂ H2ddΛ(M). But we have known that H2d+dΛ(M) ∼= H2ddΛ(M). So we
can get H2
d+dΛ(M) = H
2
ddΛ
(M). Therefor, H2
d+dΛ(M) = H2ddΛ(M). It follows that
(H−J ⊕H−g )−,⊥d+dΛ = 0. Thus, dimH2d+dΛ(M) = 1 + h−J + b− and h−J = b+ − 1.
When J is integrable, it follows from [8, Proposition 2.15] that h+J = h
1,1
∂¯
and
h−J = 2h
2,0
∂¯
, where h1,1
∂¯
and h2,0
∂¯
are (complex) dimensions of Dolbeault cohomology
H
1,1
∂¯
and H2,0
∂¯
, respectively. Note that h2,0
∂¯
is also called the geometric genus of the
compact complex surface. As noted in [8], together with the signature theorem ([2,
Theorem 2.7]), this implies that if b1 is even, then h
+
J = b
− + 1 and h−J = b
+ − 1,
and that if b1 is odd, then h
+
J = b
− and h−J = b
+. Hence, for a complex surface
(M,J), h−J is a topological invariant, equal to b
+ or b+− 1. Thus, by Theorem 1.2,
we have:
Corollary 1.4. If (M, g, J, ω) is a closed Ka¨hler surface and J˜ ∈ J cω , then h−J˜ =
h−J = b
+ − 1 which is an even number.
Remark 1.5. In general, an almost complex structure which is ω-compatible with
an integrable one may be non-integrable. Indeed, Kim [11] proved that every closed
symplectic 4-manifold (M,ω) admits an ω-compatible almost Ka¨hler metric of neg-
ative scalar curvature. On the other hand, for a closed almost Ka¨hler surface
(M, g, J, ω), we have the following estimate for the total scalar curvature:
∫
M
S(g) dµg ≤ 4pic1(J) ∪ [ω],
with equality if and only if the structure is Ka¨hler, where c1(J) is the first Chern
class of (M,J) depending only on the homotopy class of J , S(g) is the scalar
curvature of g and [ω] is the cohomology class of ω ([2, 3, 4, 11]). It follows that
(cf. [10, 14, 18]) there exist no negatively scalar curved Ka¨hler metrics on rational
complex surfaces and S2-bundles, although there exist negatively scalar curved
almost Ka¨hler metrics by Kim’s results. In particular, A.-K. Liu [14] has classified
symplectic 4-manifolds with
c1(M) ∪ [ω] =
∫
M
c1(J) ∧ ω > 0
and there are no examples beyond the standard ones furnished by rational complex
surfaces and S2-bundles. Since c1 = 0 for K3 surfaces and torus T
4, by Kim’s
result, these surfaces give examples with b+ ≥ 3 which admit non-integrable complex
4structures J˜ with h−
J˜
= b+−1. Hence one can drop the assumption in [12, Theorem
1.1] that h−J is invariant under the deformation of almost complex structure J
compatible with a fixed symplectic form.
By Corollary 1.4, we propose the following question.
Question 1.6. Suppose (M, g, J, ω) is a closed almost Ka¨hler 4-manifold and h−J =
b+ − 1 is even. Does there exist an integrable J˜ ∈ J cω?
2 Proofs of Theorems 1.1 and 1.2
Suppose that (M,ω) is a closed symplectic manifold of dimension 4. One can define
new symplectic cohomologies Hk
d+dΛ and H
k
ddΛ
as follows (cf. [17, (3.8), (3.17)]):
Hkd+dΛ =
Ker(d+ dΛ) ∩ Ωk(M)
Im(ddΛ) ∩ Ωk(M) (2.1)
HkddΛ =
Ker(ddΛ) ∩Ωk(M)
(Im d+ Im dΛ) ∩ Ωk(M) . (2.2)
We denote the spaces of d + dΛ harmonic k-forms and ddΛ harmonic k-forms
by Hk
d+dΛ(M) and HkddΛ(M), respectively. For any almost Ka¨hler triple (g, J, ω), a
k-form α ∈ Ωk(M) is said to be d+ dΛ-harmonic if
dα = dΛα = 0 and (ddΛ)∗α = 0, (2.3)
and ddΛ-harmonic if
d∗α = (dΛ)∗α = 0 and ddΛα = 0, (2.4)
where d∗ = − ∗g d∗g, dΛ∗ = ∗gdΛ∗g and (ddΛ)∗ = (−1)k+1 ∗g ddΛ∗g. Then we have
the following properties ((cf. [17])):
(1) dimH2
d+dΛ(M) <∞ and dimH2ddΛ(M) <∞;
(2) there are orthogonal decompositions
Ω2 = H2d+dΛ(M)⊕ ddΛΩ2 ⊕ (d∗Ω3 + (dΛ)∗Ω1),
Ω2 = H2ddΛ(M)⊕ (ddΛ)∗Ω2 ⊕ (dΩ1 + dΛΩ3);
(3) there are canonical isomorphisms
H2d+dΛ(M) ∼= H2d+dΛ(M), H2ddΛ(M) ∼= H2ddΛ(M);
(4) there are isomorphisms
∗g : H2d+dΛ(M) −→ H2ddΛ(M), ∗g : H2d+dΛ(M) −→ H2ddΛ(M).
Since (M, g, J, ω) is a closed almost Ka¨hler 4-manifold, the Hodge star operator
∗g gives the well-known self-dual, anti-self-dual decomposition of 2-forms as well as
the corresponding splitting of the bundle (see [6, 7]):
Ω2 = Ω+g ⊕ Ω−g , α = α+g + α−g ; (2.5)
5Λ2 = Λ+g ⊕ Λ−g . (2.6)
The Hodge-de Rham Laplacian commutes with ∗g, the decomposition (2.6) holds for
the spaceHg of harmonic 2-forms as well. By Hodge theory, this induces cohomology
decomposition by the metric g:
H2(M ;R) = Hg = H+g ⊕H−g . (2.7)
One defines (cf. [7])
H±g = {a ∈ H2(M ;R) | a = [α] for some α ∈ Z±g := Z2 ∩ Ω±g }. (2.8)
It is easy to see that
H±g = Z±g = H±g
and (2.7) can be written as
H2(M ;R) = H+g ⊕H−g . (2.9)
The almost complex structure J acts on the space Ω2 of 2-forms on M as an
involution by
α 7−→ α(J ·, J ·), α ∈ Ω2(M). (2.10)
This gives the J-invariant, J-anti-invariant decomposition of 2-forms (cf. [6]):
Ω2 = Ω+J ⊕ Ω−J , α = α+J + α−J (2.11)
as well as the splitting of corresponding vector bundles
Λ2 = Λ+J ⊕ Λ−J . (2.12)
Let Z2 denote the space of closed 2-forms on M and set
Z+J := Z2 ∩ Ω+J , Z−J := Z2 ∩Ω−J .
Define the J-invariant and J-anti-invariant cohomology subgroups H±J by
H±J = {a ∈ H2(M ;R) | there exists α ∈ Z±J such that a = [α]}.
Then J is C∞ pure and full (cf. [8]), that is,
H2(M ;R) = H+J ⊕H−J .
There are the following relations between the decompositions (2.6) and (2.12)
on an almost Ka¨hler 4-manifold (cf. [6, 7]):
Λ+J = 〈ω〉 ⊕ Λ−g , (2.13)
Λ+g = 〈ω〉 ⊕ Λ−J , (2.14)
Λ+J ∩ Λ+g = 〈ω〉, Λ−J ∩ Λ−g = {0}. (2.15)
It is easy to see that H−J ⊂ H+g and H−g ⊂ H+J .
6Let b2, b
+ and b− be the second, the self-dual and the anti-self-dual Betti number
of M , respectively. Thus b2 = b
+ + b−. It is easy to see that, for a closed almost
Ka¨hler 4-manifold (M, g, J, ω), there hold (see [8, 9, 16]):
H−J = Z−J , h+J + h−J = b2, h+J ≥ b− + 1, 0 ≤ h−J ≤ b+ − 1. (2.16)
Lejmi [12] recognized Z−J as the kernel of an elliptic operator P on Ω−J :
P := P−J dd
∗ : Ω−J −→ Ω−J ,
where d∗ is the adjoint operator of d with respect to metric g. Hence one has the
decomposition of Ω−J :
Ω−J = (KerP )⊕ P−J (dΩ1) = H−J ⊕ P−J (dΩ1). (2.17)
Let H−,⊥J denote the subgroup of H+g which is orthogonal to H−J with respect
to the cup product; that is,
H
−,⊥
J := {ω ∈ Z+g |
∫
M
ω ∧ α = 0 ∀α ∈ Z−J }. (2.18)
By (2.17), (2.18) and the results in [8, Lemmas 2.4 and 2.6] (also cf. [16]), we
have decompositions as self-dual harmonic 2-forms and as cohomology classes:
H+g = H−J ⊕H−,⊥J , H+J = H−,⊥J ⊕H−g . (2.19)
Recall that for an almost Ka¨hler manifold (M, g, J, ω) , one has the following
formula (cf. [5, 17]):
∗sΛp,q = (
√−1)p−q ∗g Λp,q.
Hence, one has the following decomposition (cf. [6, 12])
Λ2 = Λ+ω ⊕ Λ−ω = Λ+g ⊕ Λ−g = Λ+J ⊕ Λ−J , (2.20)
where Λ+ω = {α ∈ Λ2| ∗s α = α} = 〈ω〉 and Λ−ω = {α ∈ Λ2| ∗s α = −α} = Λ−J ⊕ Λ−g .
Definition 2.1. Let (M, g, J, ω) be a closed almost Ka¨hler 4-manifold. Set
H+
d+dΛ =
1
2
(1 + ∗s)H2d+dΛ , H−d+dΛ =
1
2
(1− ∗s)H2d+dΛ ,
H+
ddΛ
=
1
2
(1 + ∗s)H2ddΛ , H−ddΛ =
1
2
(1− ∗s)H2ddΛ ,
(H−J ⊕H−g )−,⊥d+dΛ = {α ∈ H2d+dΛ | α = d−J θ1 + d−g θ2}
and
(H−J ⊕H−g )−,⊥ddΛ = {α ∈ H2ddΛ | α = d−J θ1 + d−g θ2},
where d−J = P
−
J ◦ d, d−g = P−g ◦ d and θ1, θ2 ∈ Ω1(M).
We now give the proof of Theorem 1.1.
Proof of Theorem 1.1. Since (M, g, J, ω) is a closed almost Ka¨hler 4-manifold,
for any α ∈ H2
d+dΛ , by the definition of H2d+dΛ ,
dα = dΛα = 0, (ddΛ)∗α = 0,
7where (ddΛ)∗ = − ∗g ddΛ∗g. It is clear that
dα = 0, d ∗s α = 0. (2.21)
Hence
d
1
2
(1 + ∗s)α = 0.
Since 12 (1 + ∗s)α ∈ Γ(Λ+ω ), it can be written as
1
2
(1 + ∗s)α = fαω.
Since dω = 0, we have d(fαω) = dfα ∧ ω = 0. It follows that fα = cα is a constant
since ω is nondegenerate.
Let
α1 = α− cαω = 1
2
(1− ∗s)α ∈ Γ(Λ−ω ) = Γ(Λ−J ⊕ Λ−g ).
Hence, α1 is still in H2d+dΛ and α1 can be written as
α1 = α
−
1,J + α
−
1,g,
where α−1,J ∈ Ω−J and α−1,g ∈ Ω−g . By Lejmi lemma [12] and Hodge decomposition
[7],
α−1,J = βα + d
−
J d
∗ηα = βα + d
−
J θ
1
α, θ
1
α = d
∗ηα
and
α−1,g = γα + d
−
g d
∗ξα = γα + d
−
g θ
2
α, θ
2
α = d
∗ξα,
where βα ∈ H−J , γα ∈ H−g , ηα ∈ Ω−J , ξα ∈ Ω−g and d∗ = − ∗g d∗g. So
α = cαω + α1 = cαω + βα + γα + (d
−
J θ
1
α + d
−
g θ
2
α).
It is easy to see that cαω ∈ H+d+dΛ , βα, γα ∈ H−d+dΛ and
(d−J θ
1
α + d
−
g θ
2
α) ∈ (H−J ⊕H−g )−,⊥d+dΛ ⊂ H−d+dΛ .
So we can get that
H2d+dΛ = Span{ω} ⊕H−J ⊕H−g ⊕ (H−J ⊕H−g )−,⊥d+dΛ .
Similarly, one has
H2ddΛ = Span{ω} ⊕H−J ⊕H−g ⊕ (H−J ⊕H−g )−,⊥ddΛ ,
since ∗gH−d+dΛ = H−ddΛ . This completes the proof of Theorem 1.1.
In order to prove Theorem 1.2, we first show the following proposition. Using
Theorem 1.1, we can prove that h−Jt is a lower semi-continuous function in t.
Proposition 2.2. Let (M, g, J, ω) be a closed almost Ka¨hler 4-manifold and let Jt,
t ∈ [0, 1] be a smooth family of ω-compatible almost complex structures in J cω(M).
Then h−Jt is a lower-semi-continuous function in t, that is, for each t0 ∈ [0, 1] there
exists ε > 0 such that h−Jt ≥ h−Jt0 for all t ∈ [0, 1] with |t− t0| < ε.
8Proof. Suppose the conclusion of Proposition 2.2 does not hold. Then there exist
{tk}, tk → t0 , Jtk → Jt0 as k →∞, such that
mk := h
−
Jt
k
< h−Jt0
≤ b+ − 1.
We write Jk := Jtk and J0 := Jt0 . Let
α1J0 , · · · , α
h
−
J0
J0
∈ Z−J0
be an orthonormal basis with respect to the cup product, that is,∫
M
αiJ0 ∧ αjJ0 = δij , 1 ≤ i, j ≤ h−J0 . (2.22)
Set gk := ω(·, Jk·). Then gk → g0 as k →∞. Thus, the almost Ka¨hler triple
(gk, Jk, ω)→ (g0, J0, ω)
as k →∞. By Theorem 1.1, that Γ(Λ−J0 ⊕ Λ−g0) = Γ(Λ−Jk ⊕ Λ−gk) and that H+d+dΛ =
Span{ω}, we have
H−
d+dΛ
(gk) = H
−
Jk
⊕H−gk ⊕ (H−Jk ⊕H−gk)
−,⊥
d+dΛ
.
Thus αiJ0 can be written as
αiJ0 =
∑
1≤l≤h−
J
k
ail,Jkα
l
Jk
+ βiJk + γ
i
Jk
+ ddΛδiJk , (2.23)
where βiJk ∈ H−gk , γiJk = d−Jkθi1,Jk + d−gkθi2,Jk ∈ (H−Jk ⊕ H−gk)
−,⊥
d+dΛ
, δijk ∈ Ω2(M) and
{αlJk} is an orthonormal basis of H−Jk . Since {αiJ0} is an orthonormal basis of H−J0
for 1 ≤ i ≤ h−J0 , we get
1 =
∫
M
αiJ0 ∧ αiJ0
=
∫
M
∑
1≤l≤h−
J
k
ail,Jkα
l
Jk
∧
∑
1≤l≤h−
J
k
ail,Jkα
l
Jk
+
∫
M
βiJk ∧ βiJk +
∫
M
γiJk ∧ γiJk
=
∑
1≤l≤h−
J
k
(ail,Jk)
2− ‖ βiJk ‖2L2(gk)
+ ‖ d−Jkθi1,Jk ‖2L2(gk) − ‖ d−gkθi2,Jk ‖2L2(gk) (2.24)
and ∫
M
αiJ0 ∧ ∗gkαiJ0 =
∑
1≤l≤h−
J
k
(ail,Jk)
2+ ‖ βiJk ‖2L2(gk)
+ ‖ d−Jkθi1,Jk ‖2L2(gk) + ‖ d−gkθi2,Jk ‖2L2(gk)
+ ‖ ddΛδiJk ‖2L2(gk) . (2.25)
9So ∫
M
αiJ0 ∧ ∗gkαiJ0 −
∫
M
αiJ0 ∧ αiJ0 = 2 ‖ βiJk ‖2L2(gk) +2 ‖ d−gkθi2,Jk ‖2L2(gk)
+ ‖ ddΛδiJk ‖2L2(gk) . (2.26)
Since gk → g0 and ∗gk → ∗g0 as k →∞, we have
2 ‖ βiJk ‖2L2(gk) +2 ‖ d−gkθi2,Jk ‖2L2(gk) + ‖ ddΛδiJk ‖2L2(gk)→ 0
as k →∞. Hence,
2 ‖ βiJk ‖2L2(g0) +2 ‖ d−gkθi2,Jk ‖2L2(g0) + ‖ ddΛδiJk ‖2L2(g0)→ 0,
that is,
‖ βiJk ‖2L2(g0)→ 0, ‖ d−gkθi2,Jk ‖2L2(g0)→ 0, ‖ ddΛδiJk ‖2L2(g0)→ 0, (2.27)
as k →∞. It is easy to see that∑
1≤l≤h−
J
k
(ail,Jk)
2+ ‖ d−Jkθi1,Jk ‖2L2(gk)→ 1 (2.28)
as k →∞. So {d−Jkθi1,Jk} and {γiJk} are bounded in L2(gk).
Since γiJk ∈ H−d+dΛ(gk), dγiJk = 0, dΛγiJk = 0 and ddΛ ∗gk γiJk = 0, we get
ddΛ(1 + ∗gk)γiJk = ddΛγiJk + ddΛ ∗gk γiJk = 0.
Thus
ddΛ(d−Jkθ
i
1,Jk
) = ddΛ
1
2
(1 + ∗gk)γiJk = 0.
We write θi1,Jk as θ
i
1,Jk
= d∗kηi1,Jk , where d
∗k = −∗gkd ∗gk and ηi1,Jk ∈ Ω−Jk(M). So
{d−Jkθi1,Jk} = {d−Jkd∗kηi1,Jk}
are bounded in L2(g0). Since d
−
Jk
d∗k is a self-adjoint strongly elliptic linear operator
(cf. [12]), we can get {ηi1,Jk} are bounded in L22(g0). One can choose a subsequence,
{Jk1}, of {Jk} such that ηi1,Jk1 → η
i
1,∞ weakly in L
2
2(g0) as k1 →∞. It follows that
d−Jk1
d∗k1 ηi1,Jk1
→ d−J0d∗0ηi1,∞
weakly in L2(g0) as k1 →∞.∫
M
αiJ0 ∧ (1 + ∗gk1 )γiJk1 =
∫
M
αiJ0 ∧ d−Jk1 θ
i
1,Jk1
= 2‖d−Jk1 θ
i
1,Jk1
‖2L2(gk1 ) +
∫
M
ddΛδiJk1
∧ d−Jk1 θ
i
1,Jk1
.
= 2‖d−Jk1 θ
i
1,Jk1
‖2L2(gk1 ) +
∫
M
δiJk1
∧ (ddΛ)∗k1 (d−Jk1 θ
i
1,Jk1
)
= 2‖d−Jk1 θ
i
1,Jk1
‖2L2(gk1 ) −
∫
M
δiJk1
∧ ∗gk1 (ddΛ)(d−Jk1 θ
i
1,Jk1
)
= 2‖d−Jk1 θ
i
1,Jk1
‖2L2(gk1 ), (2.29)
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where (ddΛ)∗k1 = −∗gk1ddΛ ∗gk1 . Note that∫
M
αiJ0 ∧ d−Jk1 θ
i
1,Jk1
=
∫
M
αiJ0 ∧ d−Jk1d
∗k1 ηi1,Jk1
→
∫
M
αiJ0 ∧ d−J0d∗0ηi1,∞ = 0
as k1 →∞, we get ‖d−Jk1 θ
i
1,Jk1
‖2
L2(gk1 )
→ 0 and ‖d−Jk1 θ
i
1,Jk1
‖2
L2(g0)
→ 0 as k1 →∞.
Hence d−Jk1
θi1,Jk1
+ d−gk1 θ
i
2,Jk1
→ 0 in L2(g0) as k1 →∞, that is,
γiJk1
→ 0 in L2(g0) as k1 →∞. (2.30)
Denote
(αiJk1
)′ :=
∑
1≤l≤h−
J
k1
ail,Jk1
αlJk1
∈ H−Jk1 .
By (2.28), it is easy to see that ∑
1≤l≤h−
J
k1
(ail,Jk1
)2 → 1 (2.31)
as k1 →∞. By (2.22), we obtain that
0 =
∫
M
αiJ0 ∧ αjJ0
=
∫
M
(αiJk1 )
′ ∧ (αjJk1 )
′ +
∫
M
βiJk1
∧ βjJk1 +
∫
M
γiJk1
∧ γjJk1 , (2.32)
for 1 ≤ i 6= j ≤ h−J0 . Therefore, by (2.27), (2.30) and (2.31), for any 0 < ε ≪ 1,
there exist K(ε) such that when k1 > K(ε), we have∫
M
|(αiJk1 )
′|2g0 > 1− ε (2.33)
and ∫
M
|βiJk1 |
2
gt0
< ε,
∫
M
|γiJk1 |
2
gt0
< ε,
∣∣∣∣
∫
M
(αiJk1
)′ ∧ (αjJk1 )
′
∣∣∣∣ < ε, (2.34)
for 1 ≤ i 6= j ≤ h−J0 . So (αiJk1 )
′ can be written as
(αiJk1
)′ =
∑
1≤l≤i
bil,Jk1
α˜lJk1
, (2.35)
for 1 ≤ i ≤ h−J0 . Here α˜lJk1 ∈ H
−
Jk1
,∫
M
α˜lJk1
∧ α˜sJk1 = δls,
for 1 ≤ l 6= s ≤ h−J0 , and bii,Jk1 > 1 − c(h
−
J0
)ε. Hence h−Jk1
≥ h−J0 , giving a
contradiction. This completes the proof of the proposition.
Proof of Theorem 1.2. In [9, Theorem 2.6], T. Draghici, T.-J. Li and W.
Zhang proved that h−Jt is an upper-semi-continuous function in t for compact almost
complex 4-manifolds. Combining this with Proposition 2.2 proves Theorem 1.2.
Acknowledgements. The authors would like to thank T. Draghici, T.-J. Li and
L. S. Tseng for helpful discussions through email.
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